in \z\ < 1, for some univalent convex function φ(z) = az + « (\z\ < 1). Subsequent interest in this class stems from Kaplan's observation that (1.1) implies f(z) is univalent in \z\ < 1. In this paper we present the natural generalization of close-to-convex vector valued functions in finite dimensional complex spaces. This is a continuation of recent work on vector valued holomorphic starlike and convex mappings [7] , [8] . We use the notions of subordination chains of holomorphic maps in C n and the generalized Loewner differential equation [5] to elucidate the geometry of the mappings. 2* Statement of main results* Let X be a finite dimensional complex normed linear space with dual X* and J?f(X) the set of continuous linear operators from X into X. We let £έf(B) denote the set of functions f(x) that are holomorphic in the unit ball B -{x e X: \\x\\ < 1} with values in X. The notation f(x) = ax + , a e C, for / e Sίf (B) indicates that D/(0) = a I where I is the identity in X).
For O^xelwe define α*0*0 = ||a|| and ||α?*|| -1} , and note that T(x) is nonempty by the Hahn-Banach theorem. We let ^£ denote the class of functions h(x) = x + e £ίf(B) such that Re x*(h(x)) > 0 for each x e B -{0} and x* 6 T{x). A mapping g( A subordination chain ([5] , [6] ) is a function 
We shall give the proof of Theorem 1 in §3 below. The subordination chain characterization (2.3) yields the linear accessibility of the images of the balls B r = {x e X: \\ x || < r) (0 < r < 1) (compare [1] and [3] We shall prove this theorem in §4 below. By the results in [8] a mapping f(x) = x + e £ϊf{B) is starlike univalent if and only if it is close-to-starlike relative to itself, i.e., (2.1) holds with g = /.
Thus from Theorems 1 and 2 we have immediately the COROLLARY 
Let f(x) -x + be locally biholomorphic in B. Then f is univalent and starlike in B if and only if F(x, t) = e*f(x) is a univalent subordination chain.
This extends to higher dimensional spaces Pommerenke's one dimensional result in Folgerung 2 of [6] , 3* Proof of Theorem 1. We shall give the proof in a sequence of three lemmas. We use the notation f r (x) = f(rx)/r f g r {x) = g(rx)/r and F r (x, t) -f r (x) + (e* -ί)g r (x) for 0 ^ r ^ 1, t ^ 0. Let R = {r: 0 ^ r ^ 1 and F p (x, t) is a univalent subordination chain for p < r}. Then 0 e R and clearly R is closed. We wish to show that R is open so R -[0, 1]. LEMMA 
If r e R then F r (x, t) is a univalent subordination chain.
we have F 0 (x, t) = x + (β* -1)# -e*# which is clearly a univalent subordination chain. Now if 0 < r e R, p ^X < r then for s ^t and || #|| < p/λ we have
is independent of ^ when | O <; λ and ||aj|| < p/X (v p (x, s, t), v x (x, s, t) are the univalent Schwarz functions postulated by the fact that F p {x, t) and F λ (x, t) are univalent subordination chains).
Hence we may define v r (x, s, t) -(p/r)v p ((r/ρ)x, s, t) where ||$|| < 1 and p satisfies \\x\\ < p/r <1.
Then v r is well defined in B, it is a univalent Schwarz function and
when 11 a? 11 < p/r < 1, 0 ^ s ^ t. Therefore F r (x, t) is a univalent subordination chain. Proof. Since F r (x, t) is a univalent subordination chain, f r (x) is univalent in the closed ball B (for otherwise, there exist p < r, x, y, t, x Φ y, \\x\\ = \\y\\ < p/r, t > 0 such that v r (x, 0, t) = v r (y, 0, ί)). Let G(x, y) be the n x n determinant whose &th column is x J5 1+ε when 0 ^ ε < ε' for some ε' > 0. This implies that f r+ε is univalent in B for 0 <£ ε < ε" for some ε" > 0.
For small ε > 0, e~ίjP r+ε (α;, t) converges to g r+ε (x) uniformly in B as t -> oo. Hence i^r+είίc, t) is univalent and starlike for t > ί 0 for some ί 0 > 0. Now assume the lemma is false. 
Proof. We must show that for 0 Φ x e B and x* e T(x) we have for then d\\v r+ε (x, s, t)\\/dt ^ 0, s ^ t. It will follow that v r+ε (x, s, t) = F^+ e (F r+t (x f s), t) is a univalent Schwarz function. Let a?* G T(x) f 0 Φ x e B and suppose

Rex*{[DF r+ε (%,t)Γ(g(x))}<0
for some t. Then since the reverse inequality holds for t = 0 and sufficiently large t, there exist s, t, u, v, 0 < s < t < oo } u, v e X, Re x*(u) = Re x*(v) = 0 such that v λ where a and b are real, u u v 1 e L x . Then (3.1) and (3.2) yield that
where w u w 2 e Dg{x){L^ -Df{x)(L^. We shall show that g(x) has a unique representation of the form ocDf(x)(y 0 ) + βDg(y 0 ) + w where w e Dg(x){Lύ and a f β are real. To this end, we assume that
for some real a, β. Then Df(x){ay Q ) = Dg{x)(w z -βy 0 ) for some w 3 6 L t and consequently <X2/ 0 e 1^. This implies that α: = 0 and then βy 0 = w 3 eLj_ and /3 = 0. Thus from (3.3) we conclude ae~* = δe~*, α(l -β~8) = 6(1 -e~ι) and therefore α = 6 and s = t. This contradicts our assumption that s < t and completes the proof of the lemma.
The proof of Theorem 1 is now complete for we have shown that B is a nonempty subset of [0, 1] that is both open and closed. Hence H = [0, 1] and F(x, t) = F^x, t) is a univalent subordination chain by Lemma 3.1.
4* Proof of Theorem 2. By hypothesis there are univalent Schwarz functions v(x f s, t) such that F(x, s) = F(v(x, s, t\ t)(0 ^s ^t)
for the chain F(x, t) defined in (2.3) . It is clear from the form of (2.3) that the derivative exists and the convergence is uniform on compact subsets of B. We fix t > 0, let s < t and write
where o(v -x)/\\v -x\\ tends to zero uniformly for a; in a compact subset of B as v(x, s, t) -x tends to zero. Thus
and since DF(x, t) is nonsingular we can argue (as in [8] Lemma 2) that (x -v(x, s, t) )/(t -s) is bounded and tends to a limit, and that o (v(x, s, t) -x)/(s -t) tends to zero as s tends to £ (the univalence of the chain insures that v (x, s, t) tends to x as s -• £)• Since £ -5 > 0 and Re x*(x -v{x, s, t)) = 11 a; 11 -Be x*(v(x, s, t))
for each x* e T(x) it follows that the function
is in the class ^C From (4.1) -(4.3) we conclude that F{x, t) satisfies the generalized Loewner differential equation [5] ( 4.4) dF (x, t)/3t = DF(x, t)(h(x, t) ) f x 6 B , for each t > 0. For the specific subordination chain (2.3) it is clear that we may let t tend to zero in (4.4) to obtain
and h(x, 0) 6 ^ since the properties of ^ are preserved by local uniform convergence. This completes the proof of Theorem 2. where /e^(J) is the identity. A similar formula holds for DF (x) . Setting H(x) = g{{x, x o ))x/((x f α; 0 >^'«^, a? 0 ») we see that He^f and DG(x)(H(x)) = G(ί») so G is starlike [7] . Similarly if K(x) = flr«a;, Xo»xl«x, 3o>/'«s, «o») then UΓG^^ and JDFίajXJΓίaj)) = G(aj) so F is close-to-star like. Note that F and G both reduce to the identity map on the subspace orthogonal to x Q . An interesting choice of / and g is f(z) = (1/2) log [(1 + z)l(l -z)\ g(z) = z/(l + z)\ Then / + (e* -l)g maps the unit disk onto the entire plane slit along two parallel rays when 0 < ί < oo. Also F(x) + (β* -l)G(x) has similar behavior on the one dimensional slice {ax o :aeC, \a\ < 1}.
(2) Let X -C 2 with the usual inner product and Euclidean norm <X, V> = it XM, \\X\\ = <X,X> 11 \ where x = (x lf x 2 ) and y = (y lf y 2 ) are in C 2 . We define the functions
where \\x\\ < 1, 6 = α(2α + l)/(2α -1) and a is a complex number with small modulus. We claim that if \a\ is sufficiently small then: and Re (2 -#,)(1 -x t ) < 0 at some points in the unit disk |αs,| < 1. Finally we mention that the functions (5.1), (5.2) , and (5.3) provide an example similar to the preceding one when we consider X = C 2 with the sup norm, || x |U = max (| x λ |, | x 2 1). In this setting the condition (5.4) for membership in ^ is replaced by the condition Re ihjix)/Xj) > 0 when ||α|L= \xj\ >0 [8] .
